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Abstract 

We study the equivalence among orientifold three-planes in the context of the 
Atiyah-Hirzebruch Spectral Sequence. This equivalence refers to the fact that 
two different cohomology classes in the same cohomology group, which classify 
the orientifolds, are lifted to the same trivial class in K-theory. The physical 
interpretation of this mathematical algorithm is given by the role of D-brane 
instantons. By following some recent ideas, we extend the sequence to include 
a classification of NS-NS fluxes. We find that such equivalences, in the low 
energy limit of the dynamics on the worldvolume of type IIB D3-branes on top 
of the orientifolds, are interpreted as the SL{2, Z) duality in four dimensional 
A/" = 4 SYM theories. 
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1 Introduction 



There are a variety of orientifold planes for each dimensionahty p related to the fact 
that it is possible to turn on discrete RR and NS-NS fluxes [H El El E! • These fluxes, a 
NS-NS three form H^s and a R-R form Ge-p; are classified by integral cohomologies 
H^{RP^-P) and H^~p(RF^-p) respectively (both with a discrete torsion value Z2). 
However, such a classification does not provide neither a satisfactory explanation of 
the fractional RR charge carried by orientifold planes for p < 4 nor the relative charge 
between a pair of them with the same dimensionality p (actually the one with [Hns] = 
[Ge-p] = [0] and the one with [Hns] = [0] and [Ge-p] = [!]). 

In reference , Bergman, Gimon and Sugimoto provide a K-theory classification of 
orientifolds which prove to resolve the latter problem and also give us a more accurate 
picture of the non-perturbative nature of them. One of the most interesting phenomena 
arising from this classification is the fact that there are not four types of, for instance, 
orientifold three-planes as cohomology suggests, but only three. This means that two 
03-planes, which seemed to be different objects in a cohomological classification, turn 
out to be the same object in K-theory (the same situation happens for orientifolds 
with dimensionality p < 3). Mathematically, this is a consequence of the comparison 
between cohomology and K-theory in the classification of RR fluxes, given by the 
Atiyah-Hirzebruch Spectral Sequence (AHSS). 

On the other hand, by asking for suitable consistent conditions to wrap a D-brane 
on non-trivial homology cycles of spacetime, Maldacena, Moore and Seiberg (MMS) 
showed that it is possible that a Freed- Witten anomaly-free system [6j (see also [7||H]) 
consisting in a D-brane wrapping a non-trivial cycle W can be nevertheless unstable to 
decay into vacuum if there is an anomalous system, formed by a D-brane wrapping a 
non-trivial cycle S, such that W is contained in S and codim VV|e = 3. This is indeed 
a physical picture of the AHSS classifying RR fluxes (reviewed herein). 

In this paper we apply the MMS proposal in the presence of orientifold three- 
planes by means of which we give a physical picture of the equivalence of 03-planes 
given previously in |4. Also we extend this proposal to include a classification of 
NS-NS fluxes at the level of the comparison between cohomology and K-theory, and 
we find that there are some other equivalences between different 03-planes. However, 
since there are different gauge field theories related to the four types of orientifold 
planes (classified by cohomology), there must be a relation between the former ones as 
a consequence of the orientifold equivalences in K-theory. Interesting enough, we find 
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that such equivalences (two different non-trivial cohomology classes belonging to the 
same cohomology group, are both lifted to the trivial class in K-theory) are interpreted 
in the low energy limit of the field content on D3-branes on top of the orientifold 
three-planes, as the well-known SL{2, Z) duality in four dimensional A/" = 4 Super 
Yang-Mills theories. It is interesting to know that similar results were found in ref. 
PU] in a classification of three-orientifolds by fiat gerbs^. 

Our paper is organized as follows: in section 2 we give an overview of four-dimensional 
SYM theories from the point of view of orientifolds and D3-branes, the construction 
of the four types of orientifold three-planes by (co)homology and the SL{2, Z) duality 
present in these systems. In section 3 we start by summarizing the MMS picture of 
the AHSS. The AHSS is reviewed in Appendix A. Later on, we recall the equivalence 
between 03^ and 03 in the AHSS context and then we apply the MMS picture to 
this equivalence. We find that, by means of it, the T G SL{2, Z) duality is generated 
in the (massless) field content on D3-branes. 

In section 4 we study the generalization of the AHSS in order to include NS-NS 
fluxes and the corresponding MMS picture. In this way, we are able to generate the full 
SL{2, Z) duality on the massless fields on the worldvolume of D3-branes. In section 5 
we study the case for an 03~ (gauge theories with G = S0{2N) and the case without 
orientifolds {G = U{N)). Finally, we give our conclusions. 

2 A/" = 4 SYM, D3-branes and Orientifolds 

It is well-known (see for instance E|) that four dimensional A/" = 4 SYM can be 
described by the low energy limit of the dynamics on the worldvolume of parallel 
DS-hianes in type IIB string theory. The gauge group related to this theory is U{N), 
while symplectic and orthogonal groups are related to DS-hianes which are parallel to 
orientifold three-planes. In general, there are four different types of orientifold three- 
planes which can be studied in this context. They are labeled as 03^,03^,03 and 

03 . The upper signs ± in 03^ and 03^ stand for the positive or negative RR charge 
they carry. The RR charge for these two 03-planes is 2'^~^ in units of D-branes. They 
are the T-dual versions of nine-dimensional orientifold planes which in turn are part of 
the type I string theory (09~) and the USp{32) string theory [TT] (09"*"), respectively, 
where the latter one is a non-supersymmetric theory. Recall that string theories with 

thank Arjan Keurentjes for pointing me out these references. 
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J\f = 1 are obtained by gauging away half of the fields present in type IIB string theory. 

The presence of an orientifold plane establishes an action over the fields in the theory 
which do not depend whether the orientifold is positive or negative-charged. However, 
only fields which are even under the 09~-plane action will survive the projection and 
they will be present in the spectrum of type 1 string theory. The opposite holds in 
the case of the USp{N) string theory, where the fields which were projected out in the 
former case, will be present in this theory. One example of this, is the NS-NS two-form 
field -Bivs, which is odd under the action of the nine-orientifold planes, and then it 
is present in the field content in type USp{32) theory but not in type I. After taking 
T-duality over these string theories, B^s keeps being odd under the action of lower 
dimensional orientifold planes. This situation is afterwards, not true for its magnetic 
dual Bq = *Bns for it depends on the orientifold-plane dimensionality. Such a field is 
odd (even) if the orientifold dimension is odd (even). In the presence of an orientifold 
three-plane, both fields, B and Bq are odd. 

A slightly more elaborated condition holds also for RR fields (see j21l3])- The action 
of an orientifold three-plane over RR fields is given by 

Ca ^ Ca if o = mod 4 
^ ^ ^ (2.1) 
Cq -Cg if g = 2 mod 4 . 

The forms which are odd under an orientifold action are called twisted forms. Hence, the 
NS-NS -B-field, its magnetic dual, and the RR fields Cq and C2 , are all twisted forms. 
At this point, it is plausible to classify their field strengths by the cohomology of the 
transverse space to the orientifold. This is the projective compact space MP^ = S^/Z2. 

So, twisted forms are classified by twisted cohomologies of MP^. In particular the 
field strengths = dC-2 and H^s = dB^s are both classified by the same cohomology 
group, if^(MP^; Z) = Z2. The physical meaning of these torsion values is gathered 
via the so-called "brane realization of discrete torsion" (see |21 El IH 112] ) • Consider for 
instance a N S'b-hidiie intersecting an 03~-plane. The NS-NS charge of the five-brane 
is a half of the same brane non-intersecting the orientifold. When we integrate the 
field strength H^^s over a three cycle, one gets a value of l/2modl. This is essentially 
the discrete torsion value given by cohomology. However, such a value establishes a 
phase in the MP^ amplitude of the orientifold plane (the Mobius strip) which changes 
the conditions to project out the type IIB fields (in order to construct a theory with 
16 generators of supersymmetry over the worldvolume of a D3-brane on top of the 
orientifold). The result is that we have a different orientifold plane which is denoted 
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Table 1: Orientifold three-planes and some of their properties. 







Gauge Group 


Charge 


(0,0) 




S0{2N) 


-1/4 


(1,0) 


03" 


S0{2N+1) 


+ 1/4 


(0,1) 


03+ 


USp{2N) 


+ 1/4 


(1,1) 


03" 


USp{2N) 


+ 1/4 



as 03+. The physical meaning is that the RR charge the orientifold was carrying 
before the intersection with the A^SS-brane reverses its sign after the intersection, i.e., 
the discrete torsion value of H^s stands for the interchange between 03" and 03+ 
-planes. 

A similar situation is obtained when a D5-brane intersects an 03-plane although 
we can only describe it in a non-perturbative way. In this case the NS-NS field strength 
also acquires a discrete torsion value after being integrated over a three-cycle. This 
RR discrete torsion is related to a different orientifold plane denoted as 03. Hence, 
there are, besides the two 03+-planes, other two planes denoted by 03+. 

So for instance, an 03 -plane is related to a non-trivial value of Hjys and G3. 
In general, we classify the orientifolds according to the values of cohomology classes 
([G3], [Hms]) = i^R, (^Ns), with [Hns] and [G3] both belonging to the cohomology group 
if^(RP^,Z) = Z2. Some of their properties are listed in tabled (notice that in this 
case, 03 has a positive RR charge). 

A U {N) gauge-theory is gathered by considering the gauge field content of A^ D3- 
branes (i.e., without the inclusion of orientifolds). This field theory is particularly in- 
teresting since it is self dual under SL(2, Z)-transformations. One of the corresponding 
generators of this symmetry group, inverts the gauge coupling constant r — — ^ giving 
us the possibility to study the non-perturbative sector from a perturbative perspective. 
This behavior is also present in the four- dimensional SYM-theory with an orthogonal 
gauge group S0{2N) which is selfdual under the symmetry group SL{2, Z) and is given 
by 2N D3-branes on top of an 03--plane. On the other hand, the gauge field content 
obtained by putting D3-branes on top of the other three-orientifold planes are not self- 
dual for each single case, but they are related to each other by the SL{2, Z)-symmetry 
group. Basically, in this section we review some important aspects of this relationship 
between different gauge SYM-theories (from a brane-perspective) and more important 
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for the rest of this note, we explain the mechanism we use to build up the four different 
types of orientifold three-planes. 

2.1 Orientifold three-planes and homology 

As was said, there are four types of orientifold three planes. An alternative (mathemat- 
ically equivalent) way to realize the existence of these orientifold planes, is by studying 
homologically non-trivial cycles of MP^ where we can wrap type IIB D-branes^ (see 
IT^ [T3]). We are interested in obtain three dimensional objects by wrapping dif- 
ferent types of D-branes on non-trivial cycles. However, there are certain restrictions 
we must keep in mind. The first one is that those RR fields which coupled to type 
IIB Z^-branes are affected by the orientifold three-plane projection, giving them the 
label of twisted or untwisted forms. So, D-branes can wrap, for instance a twisted 
(untwisted) homology cycle if and only if the RR field associated to this brane is also 
a twisted (untwisted) form. In our case, as can be read off from equation D7, 
D?) and D{—1) branes wrap untwisted cycles, while D5 and Dl wrap twisted ones. So, 
in order to get a three-dimensional object, after the 'wrapping process', we require to 
wrap a D7-brane on a untwisted 4-cycle, or a DS-brane on a untwisted 0-cycle. Also, 
we can wrap a Z^S-brane on a twisted 2-cycle. 

However, (and this is the second restriction) only the twisted two-cycle and the 
untwisted zero one are non trivial. Let us study the former cycle. Since iZ2(KP^; Z) = 
Z2 we can say that by wrapping a D5-brane on MP^ C MP^ we get a three dimensional 
object with discrete torsion charge Z2. Applying Poincare duality to this homology 
group, we get the well- know cohomology group iZ^(]RP^; Z2) which classifies 03 and 
03 -planes. Hence, afterwards we are classifying 03-planes by wrapping branes on 
non-trivial homology cycles of the transverse space to 03~. Notice also, that we can 
do the same for a A^S'5-brane, since is a twisted form. By wrapping a A^S'5-brane 
on ]RP2 we get a three dimensional object with a torsion value Z2. The trivial class in 
this discrete group stands for 03~ while the non-trivial one stands for 03"'". 

Let us turn our attention to the untwisted zero-cycle. First of all notice that 

Hq{WP^\'L) = Z, so all objects we got by wrapping D-branes on a zero-cycle, would 

have an integer charge. In fact, by wrapping a D3-brane on this zero-cycle, we get 

the charge of Z)3-branes on top of an 03-plane, a result that was expected. Applying 

^We shall see in next section that physically, we require more conditions to wrap a I?-brane on a 
non-trivial cycle. In this sense, this is the first approximation of a 'more physical' model. 
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Poincare duality, we get the cohomology group iJ^(RP^; Z) which in turn, classifies the 
field strength G5 = dC^, with C4 the RR field which couples to D3. 



2.2 Four dimensional S'L(2,Z) duality and Orientifold Three- 
planes 

The field content obtained by the low energy limit of the dynamics on D3-branes, is 
actually a A/" = 4 SYM theory with gauge group U{N). As it is well-known (see for 
instance JHl); this theory depends on a complex parameter r which involves the SYM 
gauge coupling gsvM and the 6'-term, introduced by Witten. This coupling constant is 

1 , , 

T = — + — (2.2) 

2^ 9sYM 

By the periodicity of 6, a monopole acquires an electric charge when this term is 
considered. Also the theory is symmetric under transformations r r + 1. In ad- 
dition, the theory has other symmetry (Olive's strong-weak duality) which consists in 
inverting the complex coupling r —^/t- Both together generate the full symmetry 
group SL{2, Z) under which, the SYM theory with 16 generators of supersymmetry, is 
invariant. The generic action of this group on r is 

r^'^, (2.3) 

qr + s 

where ps — qr = 1. Electric and magnetic charges transform under SL{2, Z) as 

(2.4) 





Since the same invariance under S'L(2,Z) is present in type IIB theory, actually the 
field strengths G3 and Hns satisfy the same transformation rule under the duality 
group. When we have orientifolds in the theory, as we saw, the values of the field 
strengths G3 and Hns are defined up to integers mod 2. Hence, if we transform these 
fields under a SL{2,Z) transformation we get (see [T7| ITSj). 




pGs + tHns \ _ 
qG-s + sHns 




(2.5) 



where we have used the fact that both fields are in the same cohomology group, which 
allow us to express them in terms of the new fields G'^ and H'j^g. 
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Figure 1: 5'L(2,Z) transformations on orientifold three planes. Tlie loops represent the 
selfduality of orientifolds under the correspondent transformation. 

Since each type of orientifold three-plane is defined by these pair of fields, we get 
that 03~, 03+ and 03 transform to each other by a SL{2,'L) transformation. In 
particular we see that for p = r = s = 1 and g = (r ^ r + 1), 03"^ is transformed 
into 03 . In the same token, under S-duality, r — 03+ is transformed into 
03 . Notice that 03~ is selfdual under any SL{2, Z)-transformation. The above 
relationships are depicted in figure [TJ 

Finally, the difference in the field theory on a D3-brane parallel to an 03+ or an 
03 {Af = 4 SYM with gauge group USp{2N) in both cases) is given by the spectrum 
of dyons and monopoles (see Using the above SL{2,Z) relations it is shown that 
the root latices, where monopoles and dyons belong, are also interchanged under such 
transformations. Let C be the root lattice of the gauge group USp{N), hence, electric 
charges in both theories belong to C. Let B be the root lattice for the gauge group 
S0{2N + 1). Under S-duality, electric charges from the theory with an 03+ -plane are 
interchanged with monopoles in the theory with an 03 -plane. So, monopoles related 
to the 03+-plane belong to the root lattice B. Now under r ^ r + 1, we know that 
monopoles acquire electric charge, so they become dyons. Then, dyons related to an 
03 -plane are interchanged with monopoles on an 03+-plane. Hence, the difference 
between a field theory in the presence of an 03+ and an 03 lies in the root lattices 
and the monopoles and dyons which belong to them. The results are shown in table |2l 
where D stands for the root lattice of the gauge group S0{2N). 
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Table 2: Spectrum of 1/2 BPS states in the presence of 03-planes. 



Orientifold plane 


03- 


03+ 


03" 


03 


Gauge group 


S0{2N) 


USp{2N) 




50(2A^ + 1) 


Electric charges 


D 


C 


C 


B 


Monopoles 


D 


B 


C 


C 


Dyons 


D 


C 


B 


C 



3 The equivalence between 03+ and 03 . An alter- 
native picture for T G SL(2^ Z)-duality 

In ^ was shown that 03+ and 03 are equivalent in a K-theory classification. This 
equivalence refers to the fact that the cohomology classes which classify both 0-planes 
(actually the trivial and non-trivial classes of [G3] G if^(MP^; Z)), are lifted to the same 
trivial class in K-theory. The reason of that lies in the context of the Atiyah-Hirzebruch 
Spectral Sequence (AHSS) (see appendix B). This sequence was physically interpreted 
by Maldacena, Moore and Seiberg (MMS) in where equivalences in K-theory were 
interpreted as a consequence of the presence of instantonic branes. In this section we 
apply the MMS picture to the equivalence of the above two orientifold three-planes. 
Importantly enough, the resulting picture give us an alternative way to understand the 
duality in four dimensional Af = 4 SYM theories under the transformation r ^ r — 1 
via the presence of an instantonic seven-brane. Our conclusion is that a K-theory 
equivalence between these two objects implies the presence of the T-duality in the 
field content gathered from D3-branes in the presence of such orientifold planes. In 
next section we shall see that we are able to extend this picture to the full S'L(2;Z) 
symmetry, including of course, the weak-strong duality or S-duality. 

We start by giving a review of the MMS picture and later we give all the details 
of our construction of the equivalence between 03+ and 03 in the context of AHSS 
and the MMS picture as well. 

3.1 The MMS picture 

The AHSS is an algebraic algorithm that essentially relates cohomology to K-theory 
through its graded complex GrK{X){see appendix B). In Ref. [S] (see also [1^]) MMS 
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gave a physical interpretation to this algorithm by studying the required conditions to 
wrap a D-brane on a submanifold of the spacetime X. Here we give a review of this 
proposal. 

Let yVp be a p cycle of X ( a p-dimensional submanifold) where a D-brane is 
wrapped. This cycle defines a class [Wp] G Hp{X;Z). Applying Poincare dual- 
ity, Hp{X;Z) = H^~P{X-Z) {dimX = 9). Hence [Wp] is related to a (9 - p)-form 
ujg-p G H^~P. The first approximation to the graded complex in the AHSS is given by 
H^-P{X;Z). 

Now, we proceed to the second level of approximation, given by the cohomology 
of the differential ds, where : H^^^ . The form cug-p is closed under d^ if 

d^iujg^p) = 0. On the other hand, cug.p is exact if ujg_p = d^^ae^p), where crg^p defines 
a cohomology class in H^~p{X; Z) which in turn is related to /73_|_p(X; Z) by Poincare 
duality. Hence, a^-p is related to the cycle Ss+p, where D-branes can also be wrapped. 

Since this is the highest order differential map we will cosnider (in the presence 
of orientifolds, d^ is in all cases trivial, although in the abscence of them there are 
examples where d^ is not; see |22])5 the algorithm ends at must at this step. So, K- 
theory classes are approximately^ given by the cohomology of (is, and actually these 
classes must be classifying D-brane charges as well. So, it is important to give a physical 
interpretation of closed and exact forms under ^3 in the context of D-branes. 

Closed forms, means that (see appendix B for terminology) 

d^{ujs)-p) = = S'g^(t^9_p) + [Hns] U , (3.2) 

which actually is the condition to cancel anomalies as Freed and Witten showed in [U] 
(see also ^1 El E] ■ Then, closed forms under the differential map are interpreted 
(via Poincare duality) as the allowed p-cycles where D-branes can be wrapped. In this 
context they are anomaly-free systems. Now, let us turn our attention to exact forms. 
They can we expressed as 

c/3(cr6-p) = Sq\aQ.p) + [Hns] U ^g-p = u^-p = PD{Wp C Sp+3) U (ag-p) . (3.3) 

■^A K-thcory group is equal to the Graded Complex GrK{X) if the exact short sequence (see 
appendix B for notation) 

Q^Kp^ Kp/Kp+i ^ Kp+i ^ (3.1) 

is trivial for all p. This is not the case for 03^-planes since the K-theory group related to this system 
is KR-'^iRP^) = Z while its Graded Complex is (as we shall see) GrK{RP^) = Z © Z2. 
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time 




D-brane wrapping W 



Figure 2: A Dp-hrane wrapping the cycle Wp propagates in time and ends on an 'instantonic' 
or 'mortal brane' D{p + 2)-brane wrapping a cycle Sp_|_3. 

This condition has a beautiful physical interpretation. D-branes can be wrapped on Wp 
since such cycles satisfy the Freed- Witten anomaly-free condition. However, they can 
be contained in higher cycles Sp+3 that do not satisfy the above anomaly-free condition 
(since ^3(0-6-?) 7^ 0). Hence, D-branes wrapped on Wp can be, nevertheless unstable, 
if fj3.3|) is satisfied. The physical interpretation is that a brane wrapping a spatial cycle 
Wp, propagates in time and terminates on a D-"instanton"'^ wrapping Sp+3. See figure 

121 

3.2 Orientifold three-planes and the MMS picture 
3.2.1 AHSS 

First of all, let us review the result given in |1] from an alternative point of view (which 

is better for our purposes). Recall that our goal is to interpret the equivalence of 03+ 

and 03 in terms of instantonic branes. 

^The term "instantonic" refers to the fact that they are solutions of the equation of motion in 
either a Minkowski or EucHdean space and represent transitions between different sectors labeled by 
D-brane charges. In the Minkowskian case these branes involves tunneling. However, as was pointed 
out in |20| . the term "instantonic" is not after all, related to a quantum theory. Rather, they are 
branes which are localized in time. For this reason, the author in ref. | 2U| named these branes "mortal 
branes" . 
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As we saw in the previous section, by wrapping a D3-brane on a non-trivial zero- 
cycle of MP^ we find the cohomology group which classifies D3-branes on top of 03- 
planes (although this way to 'justify' the presence of D3-branes on top of orientifolds 
seems to be quite intricate, it will be very useful in the next examples). The cohomology 
group classifying such branes is if ^(MP^; Z) = Z. This is the group from which we start 
to construct our approximation to a K-theory group (actually the graded complex 
GrK{X)). So, let us apply the differential^ 6/3 to all non-trivial forms belonging to 
H^{RF^; Z). Since 4 : H^{MP^; Z) H^{RF^, Z) = 0, this map is trivial. This means 
that the twisted Freed- Witten condition 

4 = V + = (3.4) 

is satisfied, and the system is non-anomalous (i.e., we can 'wrap' D3-branes on zero 
cycles). From the mathematical point of view, this tells us that five forms [u^] G 
are closed forms under (^3(0;^) = 0). Let us now study if there are five-forms which 
are exact (in the context of MMS, this would mean that there are instantonic branes 
where a D3-brane wrapping a zero-cycle, could be unstable to decay to vacuum). We 
would require then, a non-trivial map such that 

4 : H^{RF^, Z) ^ H^MP^; Z) . (3.5) 

However, is trivial, and also this differential map. The conclusion is that there are 
not instantonic branes in this case. 

Let us turn our attention to a D5-brane wrapping a non-trivial two-cycle. As we 
saw, this is actually a cohomology classification of 03-planes. The first non-trivial 
approximation would be the existence of a non-trivial differential map, such that 

ds : H%WP^; Z) ^ H\WP^^; Z) . (3.6) 

Again, since is zero, the map is trivial and the Freed- Witten condition to cancel 
anomalies is satisfied. This is: 

4(^3) = ^(G'a) + HmsI^G, = (3.7) 

Notice that in a homology description the above condition is given by P1/3(]RP^) -|- 

Hns\rp^ = 0, where MP^ is the two-cycle where a D5-brane is wrapped. The physical 

^ds is the twisted version of (|3.2() and it takes twisted (untwisted) forms into untwisted (twisted) 
ones. See appendix B. 
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interpretation is that a D5-brane is allowed to wrap MP^ in the presence of an 03- 
plane, or equivalently that G3 is a closed three-form under ^3. However, this brane 
could be unstable to decay into vacuum if there exists an instantonic brane where the 
brane ends. The existence of such instantonic brane would be given if G3 were an exact 
form. Hence we must look for non-trivial and surjective maps, such that 

da : H°{WP^; Z) ^ H^RF^^, Z) . (3.8) 

In fact, since = Z, the above map is non-trivial under certain conditions which 
involve the presence of a non-trivial i^Ar^-flux. As we shall soon see, Sq^lrjo) = 0, and 
the map is given by 

dsivo) = H^Urio. (3.9) 

It is easy to read off from this expression that only in the presence of a non-trivial flux 
Hns, the differential map ^3 will be non-trivial. However, H^s G = Z2 is actually 
the cohomology class which classifies 03~ and 03^ -planes. Then, the above map is 
trivial if the orientifold we are considering is 03" and non-trivial if it is 03^ The latter 
case means that the field strength G3 is an exact form given by G3 = d^lrio). 

Before given a physical interpretation of this result, let us point out some observa- 
tions: 1) From the above results, we conclude that 



Kerds = Z©Z2 

for 03" (3.10) 
Z2 for 03+ 



Im d 
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Then, since the graded complex is given as GrK{WP^) = Ker d^/Im d^, we conclude 
that GrK (RF^) = Z for an 03+ and to Z © Z2 for an 03". Notice also that the latter 
one differs from the K-theory value given in j3] (see footnote in section 3.1). This is for 
the non-triviality of the related spectral sequence which actually explains the relative 
charge between 03" and 03 . 

2) It is followed that in the presence of a non-trivial H^s (03+ or 03 ), G3 is lifted 
to the zero-class in the Graded Complex, and also in the K-theory group (since in this 
case both are equal). Since [G3] G Z2 classifies 03+ and 03 , these two orientifolds 
are equivalent in the K-theory classification (both of them are lifted to the same trivial 
class). Notice also that until now, we are only classifying RR fields. The information 
concerning the NS-NS field H]\fs is inserted via the differential map d^ = UH^. 
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3) As was pointed in P], we can identify r^o with the RR field Cq. This is achieved 
from the above non-trivial map. Under d^, even integers in are sent to the zero 
class in = Z2 while odd integers are sent to the non-trivial class [1] G Z2. In 
other words, even-integers corresponds, via d^, to an 03+-plane, while odd-integers are 
related to 03 . If we shift tiq by one unit, tiq ^ tiq + 1, we will get the transformation 
03^ 03 . So, it is natural to identify 770 with Co which in turn is identified with 
the 6'-term in the complex coupling in four- dimensional J\f = 4 SYM theories. 

3.2.2 The MMS-picture 

It is time to explain the physical interpretation of rjo in the context of the MMS-picture 
(although we already have seen that this form is actually the RR field Cq). As we saw 
at the beginning of this section, we can relate differential forms with homology cycles. 
In our case, ~ which gives us five-cycles where we can wrap D-branes. Also, 
we saw that the only brane we can wrap on an untwisted five-cycle is a D7-brane. 
Hence, this means that a Z^T-brane wrapping MP^ represents an instantonic or mortal 
brane where a D5-brane wrapping RP^ (in the presence of an 03'^-plane) is unstable 
to decay into vacuum^. An schematic picture is given in figure El 

Some comments are in order: a) Actually, for consistency the seven-brane is an 
anti-D7-brane (labeled as D7). See Appendix B. b) This picture is in accordance with 
the identification of 770 as the RR field Co since a D7-brane is magnetically charged 
under Cq. And finally c) RP^ is an orientable manifold and it is spin*^ (see [6|). This 
means that Sg'^lrjo) = PV3(RP^) = 0. Then, the action of the differential map d^ over 
Co is 

d-sCo = Co U Hns = C3 (3.11) 

The above picture can be interpreted in different but nevertheless, related ways. 
A D5-brane wrapping RP^ is unstable to decay into vacuum by the presence of an 
instantonic D7-brane wrapping RP^ transverse to an 03~'"-plane. However since a D5- 
brane wrapping RP^ transverse to an 03"'' -plane is actually the cohomology version of 
an 03 -plane, this is unstable to decay into an 03"*" in the presence of the instantonic 
seven-brane. 

The above configuration of branes in the covering space is as follows^: 

^In order to prevent divergences in energy in the transversal non-compact coordinate to the seven- 
brane, we restrict our picture as a local model 

^Notice that this model does not T-dualize to a stable object in type USp{32) theory. In fact, the 



13 



time 
A 



D3 and 03 




Figure 3: A DS-brane wrapping MP^ transverse to an 03"''-plane is unstable to decay into 
vacuum in the presence of an instantonic or mortal D7-brane wrapping MP^. Since 03 is 
constructed by an 03"'' and a D5-brane on MP^, we conclude that an 03^ transforms into 
an 03"'' via the interaction with the seven-brane. 

0123456789 
Dl - - ■ - -- -- -- 

03+ - - - - 

D3 - - - - 

Bh ------ ■ ■ ■ ■ 

Once we put time on coordinate two, the D7-brane wraps on coordinates 45678 on the 

seven-brane T-dualizes to a £)3-brane in ten-dimensions, which is not classified by K-theory. The only 
three-dimensional object classified by K-theory in type U Sp{32) theory is a non-BPS state, which 
is constructed by the pair D3 — D3. Then, the D7 -brane considered in our model must not be 
classified by K-theory since it is only a 'cohomological' object, bideed, according to equation H3.11() 
this seven-brane is obstructed to be lifted to K-theory since is ts represented by an exact form under 
da. Notice also that the image of D7 under the presence of an orientifold three-plane, is also a D7. 
This is due to the fact that type IIB RR field Cg is invariant under the projection of the orientifold 
three-plane. After wrapping the seven-brane on the non-trivial five-cycle, we get an integer-charged 
object. This also contradicts the fact that stable objects in type USp{32) related by T-duality to 
these seven-branes, must have discrete topological charge Z2. The reason for that is that wrapping 
a seven-brane on RP^ give us a cohomological version of this objetc which must be refined by a K- 
theory one. Finally, we do not care about cancelation of tadpoles (global gauge anomalies in lower 
dimensional probe branes) comming from the compactification of type USp{32) theory, as in j21| . 
since one transversal coordinate to the seven brane is non-compact. 
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covering space (on MP^ after taking the orientifold projection) and it is 'instantonic' 
to the transverse space of 03+. Notice also that this imphes that the five-brane is 
wrapping coordinates 45 in the covering space and MP^ after the orientifold projection. 

Before concluding this section, let us give a couple of arguments which support the 
consistency of the instantonic seven-brane picture. 

SUGRA Bianchi identities 

Here we want to point out that the above results can also be inferred from the 
Bianchi identities in supergravity IIB. We closely follow the ideas given in [SI 1201 122 12S]- 

As we saw, a D7-brane wrapping RP^ is an anomalous system since the condition to 
avoid anomalies is not satisfied. This inconsistency (an ill-defined sign for the pfaffian 
in the path integral) is cured by adding magnetic sources to the worldvolume of the 
seven-brane, which are D5-branes wrapping MP^. 

The same results are gathered by studying the SUGRA ten-dimensional Bianchi 
identities. Consider a D7-brane wrapping MP such that there is a subcycle MP^ C MP^ 
supporting fc-units of i^TYS-flux. The presence of a Z^T-brane induces a non-trivial Gi- 
flux. Then the product GiUHns must be different from zero. According to the Bianchi 
identities 



and then, dG^ ^ 0. This equation stands for a current of D5-branes emanating from 
the seven-brane, perpendicular to the three-cycle MP^ which support the fc-units of 
if-flux (coordinates 456 in the covering space) and to the seven brane (coordinate 9 in 
covering space). Hence, by construction, we have a current of D5-branes wrapping a 
two-cycle (coordinates 78). Hence, we require the presence of these five-branes in order 
to have a consistent system. Notice that Cq U Hns = G3 implies equation ()3.12p by 
applying ds to Co, and also that G3 is an exact form under d. This in turn means that 
(j3 is lifted to a trivial class in K-theory. Notice also that the equation (j3.12p . implies 
the violation of the current conservation since 



which in turn tell us that Z}5-branes must be going out from the D7-brane. Two 
comments are in order: 

1. By integrating over two sides of ()3.12j] we get. 



dG';^ — Gi U Hns 



(3.12) 



d*j6 = *jsUHNS 



(3.13) 




(3.14) 
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Notice also that in our case, since H^s is related to the presence of an 03"'"-plane, 
k is actually an integer mod 2 (or a half-integer mod 1), and then the current of 
Z^S-branes must have a Z2-charge. But this is actually what we had previously: 
a D5-brane wrapping MP^ acquires a discrete torsion charge since a two-cycle 
is classified by H2{M.P^]'Ij) = Z2. Again, by interpreting a D5-brane wrapping 
MP^ in the presence of an 03^-plane as an 03 -plane, what we have is that a 
i?7-brane wrapping MP^, transverse to an 03'*'-plane, induces a 'current of an 
03 -plane'. 

2. Hj^is can be interpreted as a current of a four- dimensional object on the world- 
volume of a Z}7-brane. In fact, since a five-brane is intersecting D7 in a four- 
dimensional spatial submanifold (as in our model) there is a current in the world- 
volume Ws of the D7 given by where * is the Hodge dual operator which 
takes p-forms into (8 — p)-forms in Wg, and js is the current associated to the 
four-dimensional object. It can be shown (see ^Ul) that 

d*je = *i8U*j5 (3.15) 

where *j6 is the current associated to the emerging D5-brane and *js to th D7- 
brane. 

Since we are working in type IIB theory, topologically a D5 and a NS5 -branes 
can be expressed in similar six-forms. According to our model, can not be 
associated to a D5-brane since the presence of the latter is precisely a consequence 
of having a non-trivial ^jg current. Hence it must be related to a NS b-hrane. 
But a A^SS-brane (that in our configuration is wrapping MP^) is the one which 
give us a non-trivial value of H^s- Then the picture matches completely: a 
current of D5-branes is followed by a non-trivial value of H^s which in turn 
is a consequence of wrapping A^S'5-branes on MP^ and intersecting the D7 in a 
four-dimensional submanifold. 

A tadpole in the field content. 

Here we follow closely the argument given in the Appendix A in [23] . The question 
is: what is the consequence of such inconsistency in the equations of motion for fields 
living on the worldvolume of the seven-brane? (in the absence of the five-brane). 
The answer is that a tadpole appears and it can be removed once we add five-branes 
wrapping a two-cycle of RP^. 
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Let us say we have a £)7-brane wrapping the five-cycle RP^. In the presence of a 
non-trivial i?-field there is a coupling (in the worldvolume of a D7-brane) , given by 

/ Hns X I5 = (^ mod 1) / I5 (3.16) 

where clearly wc have a tadpole. However, we can remove this tadpole by adding 
a magnetic source for A^,. This is given by a D5-brane in coordinates 012378. The 
DS-brane is a four-dimensional object in the perspective of the world- volume of the 
seven-brane (which is in coordinates 01345678). Hence, by adding (^ mod 1) units of 
a D5-brane wrapping coordinates 89, we remove the tadpole since the action becomes 

jGeAG6 + {^modl)jA,, (3.17) 

which in turns implies that the charge of the four dimensional object in the perspective 
of the seven-brane worldvolume, must be a half-integer mod 1, which is actually the 
one obtained by wrapping a D5-brane on RP^. 

3.3 r-duality for A/" = 4 SYM 

Here, we study the effect of the instantonic seven-brane in the field content on D3- 
branes on top of 03+-planes. The constant coupling in Type JIB string theory, 

T = Co + - , (3.18) 

gs 

is non-trivial under the presence of a seven-brane, since the charge of the seven-brane 
is measure by its coupling with the complex dilaton, 

= d{Co + ig:') = ACo, (3.19) 

which in turn implies that 

Co^Co + Qnf- (3.20) 

Hence, in the presence of a single anti-seven-brane there is a shifting of the RR field 
Co —> Co — 1. Notice that although the seven-brane is instantonic in the sense that is 
localized in time, after it disappears (it is a 'mortal brane') it leaves a remanent unit 
of Co-fiux which give us the above shifting. Of course, as it is well-known, this implies 
a shifting in the complex coupling r: 

T^T-1. (3.21) 
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Such a shifting is also reflected in the four- dimensional = 4 SYM theory, where 
r = — + .f^' 

9SYM ' 

Also we can find the transformation in r only by looking at equation (|3.1ip . This 
equation tells us that for each non-trivial unit of ifjvs-flux, we get a non-trivial unit of 
G3. If we array the fluxes and H^s as a doublet, this means that 




[Ga] + [Hns] 
[Hns] 



(3.22) 



Now, since is a linear map, we expect that the pair ([6*3], [H^s]) transforms as a 
doublet under the action of a 2 x 2 matrix, 



[Ga] + [Hms] 
[Hns] 




(3.23) 



where in principle there are not restrictions to the values of the matrix entrees. Then 
we get that 



p r \ 111 

g s y ~ V 1 



(3.24) 



Now, since (ia : Z ^ Z2, a shift in Cq ^ Cq — 1 implies a shift in G3 from the trivial 
to the non-trivial class (or viceversa). Physically this is the interchange between 03^ 
and 03 (as was found in |1]). Hence, by only studying the relation ()3.11|) we conclude 
that the above two orientifolds are related by a transformation in r ^ r — 1, which as 
we already know, is the T G SL{2, Z)-duality. The shif in Co (theta angle) gives all 
dyons an extra unit of electric charge, swaping the symmetry group of monopoles and 
dyons in accordance with table 2. 

However we want to stress that in this picture, such a duality is a consequence of 
the topology of the space in ten-dimensions. This is, the presence of the instantonic 
seven-brane is completely determined by the AHSS. In the next section, we shall see 
that we can obtain the full symmetry by considering other instantonic branes. 

Notice also, that the four-dimensional A/" = 4 SYM theory with gauge group 
S0{2N) is not affected by the presence of an instantonic brane since in the presence 
of an 03~-plane, no D5-branes are unstable to decay into vacuum (or to be created) 
after the interaction with the former one. This implies that such a theory is self-dual, 
at least, under T G SL{2; Z) duality. 
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4 5'L(2, Z)-duality from instantonic seven-branes 



Now, we want to extend this result in order to get that the full duality under SL{2,Z) 
is found via the presence of instantonic branes. In particular, we want to give a picture 
of the strong- weak duality, which transforms an OS'^ into an OS (and viceversa). 
However we require a proper classification of RR fields as well as NS-NS fields. We 
already have done the latter since we know how to classify the field strength Hj^s in 
cohomology, but we require a version of AHSS which could also take into account the 
presence of NS-NS-fields. 

In this section we give a more general picture of instantonic branes which lead us 
to the conclusion that, under this general classification of RR and NS-NS-fluxes by 
cohomology and their hfting to K-theory, a SL{2, Z)-duahty must be present in jV = 4 
SYM theories with different gauge groups. 

4.1 NS-NS fluxes and the AHSS 

Up to now, we know that we can wrap D-branes on non-trivial cycles W if the Preed- 
Witten condition is satisfied: 

Ws{W) + [Hns]\w = 0- (4.1) 

Its cohomology version reads, 

dsicup) = ^(cup) + Hns Uujp = 0. (4.2) 

What we are doing here is to compute the image of a RR-field cOp (which is related to 
an {n — p)-cycle W where a D-brane is wrapped) under the differential map ^3. The 
next step is to look for an expression, similar to da, which classifies NS-NS fluxes as 
well. 

In our case this can be achieved by taking advantage of the fact that G3 and H^s 
are both classified by iJ(RP^; Z). From the topological point of view we can invert the 
roles played by G3 and H^s without altering the mathematical map d^. So we have at 
least two interesting cases, which read 

4(Co) = Co U 7/^5 = ^3 (4.3) 

C^3(Co) = Co U G3 = Hns : 

where Cq is a scalar field (zero-form) different to Cq. The first of the two above 
equations has already a physical interpretation as was seen in the previous section. 
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However the last one is physically different since now we are classifying NS-NS fluxes 
instead of RR ones. This is the version of the linear map ^3 we were looking for. Before 
gathering all the physics that the last linear ^3 map implies, it is important to point out 
that a similar expression was proposed in |22|, where the authors used S-duality in type 
JIB string theory in order to construct an AHSS version which also classifies NS-NS 
fluxes. Although this work was motivated by their result, in our case we are working 
only with 3-dimensional objects embedded in a ten-dimensional spacetime that allow 
us to not consider S-duality as the way to built up a general AHSS, while in |22] the 
authors proposed an AHSS algorithm which can be applied to different objects. 

Let us study the map ^3 which classifies NS-NS fluxes (from now on, we will label 
d^^ the map which takes NS-NS forms, and df the one which takes RR forms), 

= V(o^r) + ^3 U <^ = . (4.4) 

This means that the condition to wrap NS-NS charged-objects (as a Fl-string, NS5- 
brane or the S-dual of seven-branes) is that, in the absence of a RR flux G3 a NS-NS 
object must be wrapped on Spin^-manifolds (see |221)- If the manifold is Spin^ but 
there is a non-trivial flux, the condition now reads that G3 U Up must belong to the 
zero class in cohomology. If such a condition is not satisfled, then the system is said 
to be anomalous. 

Applying this proposal to our picture of orientifold three-planes, there is a very 
important change, since now, the Freed- Witten condition for NS-NS-fluxes to cancel 
anomalies depends on the presence of a non-trivial Gs-flux, which is related to 03 
and 03 -planes. Hence, following the same arguments than in the previous section, 
the only non-trivial d^^ map is 

df^ : H\RP^; Z) ^ H\RP^; Z) (4.5) 
df'^iCo) =G3UCo = Hns 

Notice that now, H^s is a closed form under d^^ if G3 is non-trivial and then, it 
must be lifted to a trivial class in the correspondent K-theory classiflcation (a twisted 
K-theory). This means that the two orientifolds classifled by (and remember that 
now we are classifying NS-NS fluxes) 03 and 03 (G3 is non-trivial!) are equivalent 
in this topological classiflcation. 
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4.2 Physical meaning of Cq 

Although we do not require to know exactly what it is the seven brane related to Cq in 
equation ()4.5j) . we indeed can elucidate its nature. For that we use S-duality*^. Since 
equation ()4.5|) is obtained by interchanging H^s ^ G3, we expect that Cq must be 
coupled to the S-dual version of a D7-brane. 

S-dual versions of Z^T-branes, or more generally, SL{2, Z)-versions, were studied for 
instance in [SEl EZl EH] • In general, a (p, g)-seven brane is obtained after applying a 
transformation 



in SL{2, Z) to a D7-brane, where the pair {p, q) transforms as a doublet under this 
map. A (p, q) seven-brane is the endpoint of (p, —q) dyonic five-branes and (p, q)- 
dyonic strings and in this context, a D7-brane is a (1, 0) seven-brane and its S-dual 
version (p = s = and q = —r = 1) a (0, 1) seven-brane. The scalar field Co (a RR 
field) couples magnetically to a D7-brane while a (0, 1) seven-brane couples with the 
S-dual version of Co which is actually a scalar field where the dilaton has been turned 
on. We denote this field as Co, where 



Also notice that in this case, ~ H2 is classifying A^SS-branes which wrap non- 
trivial two-cycles of MP^. Hence, the picture we get from equation ()4.5|) is that in the 
presence of an instantonic (0, —1) seven-brane which wraps MP^ transverse to an 03 - 
plane, a A^SS-brane wrapping MP^ is unstable to decay into vacuum via the interaction 
with the seven-brane. This also means that in the presence of such instantonic (0, — 1)- 
brane, an 03 transforms into a 03 -plane. 

The resulting picture involves a change in the complex coupling, since it is not 
trivial under the presence of a generic (p, q) seven-brane. 

So, according to this picture, by classifying NS-NS fluxes, an 03 -plane becomes an 
03 -plane via the interaction with an instantonic (0, —1) seven-brane wrapping RP^ 
transverse to the orientifold. The seven-brane in turns, must establishes a non-trivial 
monodromy in r. Although this monodromy is well known and also can be derived by 

^Notice that we are using S-duality only to know what the seven-brane related to Co is. Remember 
that our goal is to find S-duality as a consequence of the map (|4.5|l . 
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using S-duality, here we shall show that without using S-duality, we can obtain the rule 
transformation in r as a result of the presence of the instantonic (0, — l)-seven-brane. 

Equation ()4.5j) tell us that for each non-zero unit of G3 flux, we get a unit of ifs- 
fiux. Hence, according to this rule and following the same reasoning as in section 2, 
we have that 





(4.7) 



where 




Then, we get that 




U , (4.9) 



p r 
q s 

and by similarity with the picture given in previous section, we also conclude that 
under the presence of the seven-brane, the complex coupling is also transformed by the 
above matrix, i.e., 

r - ^ = ^ (4.10) 

qr + s r + 1 

A comment is given to support this idea: Since our picture involves a A^S'5-brane 
ending on a seven-brane, this brane must be actually a (0, —1) seven-brane, a result 
which matches with our previous statement using S-duality. The monodromy in r under 
a (0, —1) seven brane is easily computed, giving us the same result as above. Even 
more, notice that the equivalences 03^ ~ 03 and 03 ~ 03 give us two pictures (in 
terms of instantonic branes) which are related each other by an S-dual transformation, 
confirming that our conclusions are well-supported by very well-known facts. 

In this sense, we obtain that orientifolds 03 and 03 are related each other by 
an W-transformation, which indeed is correct as was shown in section 1. The picture 
is schematized in figure 01 

SUGRA Bianchi Identities 

In contrast to the case of a Z)5-brane emanating from a D7-brane wrapping MP^, 
in this case the Bianchi identity to be considered is 

dH^s = (4.11) 
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D3 and 03 



(0,-1) seven-g 
brane on IRP 




NS5 on IRP 



D3 and 03 



Figure 4: An 03 -plane transforms into an 03 in the presence of an instantonic or mortal 
(0, —1) seven-brane wrapping RP^. Equivalently, a NS5-hrane wrapped on MP^ is unstable 
to decay into vacuum via the presence of the seven-brane and a non-trivial RR Gs-flux. 



since H^s = dB^s- This identity does not imply a flux of A^S'5-branes from the seven- 
brane wrapping a cycle which supports a non-trivial amount of Gs-flux. However we 
can modify the above identity to dHj^s = *jNS allow the presence of A^S'5-branes, 
as far as locally we keep H = dB. This is indeed the difference between the case in 
section 2 and the present one: here, the Bianchi identity must be modify in order to 
gather a flux of A^SS-branes. 

We propose that a source of Hjqs is also given by the product of fields Gi U Gs, 
where Gi = dC^. Then, we have 



dH^ 



NS 



(4.12) 



which tell us that a A^SS-brane must be emanating from the (0,-1) seven-brane. By 
integrating over two sides of the above equation, we get that the charge of the NS5- 
brane must be equal to k. Notice that, in a similar fashion with section 1, we get, 

1. The charge carried by the A^S'5-brane must be Z2 since [G3] C Z2 and then 
/jjps = ^ mod 1. A non-trivial value of G3 stands for an 03-plane. This 
matches with the fact that the A^SS-brane is wrapping MP^, which belongs to Z2 
and that actually is the cohomology version of the orientifold 03. 

2. The source term introduced above, also implies a violation in the current conser- 
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vat ion, since now 



d*jr = *J8UG3 (4.13) 

where j^^ represents the current of A^SS-branes and jg is the current associated 
to the seven-branes. Such a violation in the current conservation means that 
there is a current of A^S'5-branes emanating from the seven-branes. Notice also 
that we can write equation ()4.13j) as 

d*jr = *J8^*T5: (4.14) 

where js is the current associated to a four dimensional object lying on the 
worldvolume of the seven-brane. In fact this current is associated to D5-branes 
wrapping MP^ around an orientifold three plane and intersecting the seven-brane 
in a four-dimensional submanifold, which give us the non-trivial values of the flux 
G3. So indeed, G3 can be also represented by the above current and expression 
()4.12|1 makes sense. 



4.3 Generating the full SL{2, Z) duality 

Altogether, the above two pictures generate the full SL{2, Z) symmetry, since by the 
presence of an instantonic D7 -brane we have the transformation r T^^r while in 
the presence of an instantonic (0, —1) seven-brane, r Ut. So, if we select these 
two transformations as the generators of the full symmetry, any type of transformation 
r is generated by a chain of T~^'s and Ws. In particular we are able to induce 

the presence of the strong-weak duality (S-duality) by a chain of instantonic branes 
intersected by D3-branes and orientifold three-planes. Since 

S = T-^UT-^ (4.15) 

we conclude that three instantonic seven-branes, given by a D7 , a (0, —1) and a D7 
-branes (in that precisely order) generate S-duality in the field content on the worldvol- 
ume of D3-branes on top of orientifold three-planes. According to section 1, we already 
know that under S-duality, an 03^ -plane is transformed into an 03 one, while 03 
is invariant. Let us see if our model give us this result (see figure EJ: An 03"*" -plane 
can be thought (at first approximation) as an 03~ plus a A^SS-brane wrapping MP^. 
Since Hj^s is non-trivial, the presence of a D7 instantonic brane induces the creation 
of a D5-brane wrapping MP^. So, an 03^ transforms into 03 via D7, and r goes 
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Figure 5: An 03'*'-plane is transformed into an 03 in the presence of three instantonic or 
mortal seven-branes. These branes in turn, generate the 5-duality in the field content on the 
worldvolume of Z?3-branes on top of the orientifold planes. 

to r — 1 = r'. Later, 03 intersects a (0, —1) seven-brane. Since G3 is non-trivial a 
A^SS-brane wrapping MP^ emerges from the instantonic brane. However, since a NS5- 
brane was already present before facing the instantonic (0, —1) seven-brane, we get 
two A^SS-branes giving us a zero total charge (remember that they have a Z2 charge) 
and a zero Hns-^mx. Another way to say the same, is that a A^S'5-brane decays into 
vacuum in the presence of the instantonic (0, —1) seven-brane. So, an 03 transforms 
into a 03 and the complex coupling r' goes now to = t" = Finally, the 

03 -plane ends on a D7. Here Hj^is is trivial, and Z^S-wrapping MP^ does not decay 
into the vacuum, but r" is transformed into r" — 1 = — . 

Then, the final picture is that an 03+ plane is transformed into 03 via the presence 
of three instantonic seven-branes, and r goes to This is of course, S-duality on the 
field content coming from a D3-brane on top of the orientifolds. A similar argument 
holds for 03 being invariant. See figure El 

Now, let us formalize the above results in terms of linear maps given by ^3. First 
of all, as it is well-known, a general transformation under SL{2, Z) can be expressed as 
a chain of transformations T and S. In our case, the generators are given by T^^ and 
U. Notice that in our context, the transformation T is not a basic generator, since it 
implies the presence of a Z}7-brane, that as we saw, it is inconsistent. Let us say that 
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Figure 6: In the presence of the three seven-branes which generate 5-duality, the orientifold 
plane 03 is invariant, as expected. 

a general SL{2, Z) transformation is given by the chain of generators 

^Mfe _ q — Nk . . q — Nk-i . . . l{'^^oq — No j^g-j 

where Mj and Ni [i = 0,...,k) are integers > 0. In terms of instantonic branes, Mj 
refers to the number of (0,-1) seven-branes and Ni represents the number of D7-branes 
(one following the other) . See picture d 

We actually can compute the total effect given by the set of seven-branes by an 
iterating process. Let us define Cq as the Mj units of the scalar field which couples to 
the (0, —1) seven-brane and Cq" the correspondent scalar field coupling to D7-branes. 
As we know, the presence of such instantonic branes alters the number of units of the 
fluxes Hns and G^. Consider for instance the first set of A^o -D7-branes. Their effect is 
to give Nq units of for each unit of present in the system (or in other words, if 
an instantonic seven-brane is wrapping a cycle which contains a subcycle supporting 
a units of Hj\fs, a flux of a D5-branes wrapping MP^ must be emanating from the 
seven-brane) . Let say we start with a units of and b units of G^ (keep in mind that 
a and b are defined as integers modulo 2). The action of the first set of D7-branes is 
given by the map 

dfC^" = G^° U (a + b) = -Noa , (4.17) 
from where we can read off that the effect of having non-trivial units of G^ is null. The 
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seven-branes 



Figure 7: A general SL{2,Z) transformation generated by a chain of Mj D7 and Ni (0, — 1) 
seven-branes. 



units of Hns and G3 after the presence of the seven brane change as: 

{b,a) {b- Noa,a) = {b + d§Co\a). 
Similarly, the first set of Mq (0, —1) seven-branes, is given by the map 

'Mo ~Mo 



(4.18) 



Co U (^(a)H^s + ib + d§Ct^)G, 

Cfo '' U {{a)H^s + {b-Noa)G,) 
(Moi-Noa + b))^^^ . 



(4.19) 



'Mo 



where d^^Co gives us units of H^s and the subscripts label the units of H^s and 
G3 fluxes respectively. Notice that the number of units of H^s depends of the output 
coming from the set of Nq Z}7-branes. The total amount of units of G3 and H^s 
transforms after the presence of the seven-branes as: 



(6 + dfC^'\a) ^ (6 + dfC^'\ a + d^^Co^'") . 



(4.20) 



By iterating the process, we get that the flnal sets of Nk D7 and (0, —1) seven- 
branes establish an output given by. 



dfC^^ = C^^ U ({a + d^ Eto Co"%.s + ib + d§ Eto C^%s 



(4.21) 



G3 
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where the last equahty express the amount of units of G3 generated by the set of Nk 
D7-branes. The total units of G3 and H^s after the action of this set of seven-branes 
is 

(fe + ^E^o^^S « + ^E5o''^) (4.22) 

i=0 i=l 

and 

df^Co""' = Co""' U ({a + df^Y.^o"'%.s + ib + dlj2^^'^^^^ (4.23) 

\ i=0 1=0 / 

= Mjb + TiJ^cA (4.24) 

V i=0 J Hns 

where also, the last equality gives us the amount of units of Hj^fs-Anx generated by the 
instantonic set of (0, —1) seven-branes. The total units of (G3, H^s) is, 

_ k k 

1=0 i=l 

4.4 A comment on instantonic dyonic seven-branes 

Here we want to study the linear maps generated by the presence of an instantonic 
dyonic seven-brane. Since the full symmetry SL(2, Z) is generated by D7 and (0, — 1) 
seven-branes in principle we do not require the study of dyonic seven branes, since their 
effects can be expressed in terms of a set of the mentioned seven-branes. However, it 
is interesting to study this case. For that we will use S-duality since we already have 
obtained it from the above pictures. 

A dyonic {p,q) seven-brane is gathered from a D7 applying a generic 5'L(2,Z) 
transformation given by the matrix 



p ^ 
q s 



(4.26) 



where by construction, p and q are relative prime numbers. The monodromy r gets by 
the presence of a dyonic (p, q) seven-brane is given by the matrix 

-^'^''^ 1 . (4.27) 

—(f pq — ] 
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Let us label the scalar field which couples to this dyonic seven-brane as Cq'''^^ . Actually, 

_ {pCo + r){qCo + s)+pqe-^'l' 

Hence, if we start with a units of H^^s and b units of G3 fluxes, the differential linear 
map acts over Cq^'^^ as 

dsC^'^^ = C(^'^)u(a + 6) 

= {-q'b + pqa)H,, + {-pqb + p'a)G,, 

and the final pair of fiuxes is given by 

{b, a) ((1 - q^)b + ap^, -q% + {pq - l)a) . (4.30) 

Physically what this map is telling us is that {—{pq)b+p'^a) units of D5 and (—q'^a+pqa) 
units of A^S'5-branes are emanating from a dyonic {p, q) seven-brane wrapping MP^ 
(transverse to an orientifold three-plane) which contains a subcycle MP^ supporting 
a units of H^s and b units of Gs . In order to get a picture of orientifold planes 
transforming by the presence of an instantonic dyonic seven-brane, we must give values 
to a and b. For instance, if a = 6 = 1, the above map tells us that an 03 -plane 
transforms into an 03+ plane in the presence of an (—2, —1) seven-brane. Notice also 
that in our case p and q must be negative integers since the dyonic seven-brane is a 
S'L(2, Z) transformation of an D7 which can also be expressed as an (—1,0) seven- 
brane. 

Of course, any dyonic seven-brane can be split out in a set of D7 and (0, —1) seven- 
branes from we can notice that a (— p, — g) seven brane is not a set of p D7 and q 
(0,-1) seven-branes. 



5 SL{2, Z) self-duality for G = S0{2N), U{N) 

In this section we give an heuristic explanation of the self-duality in four-dimensional 
jV = 4 SYM theories with gauge groups S0{2N) and U{N). The former one is 
gathered in the low energy limit of the worldvolume field content of DS-hicanes parallel 
to 03~. According to our model, the presence of instantonic seven-branes establishes 
a monodromy in r. However, since an 03~-plane does not carry non-trivial discrete 
fluxes 0*3 or Hj^s there are not D5 or A^S'5-branes created by the instantonic seven- 
branes. So, in this context, an 03~-plane is invariant under the presence of such 
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instantonic branes. This also means that the map ds : i?°(RP^;Z) — > if^(RP^;Z) is 
trivial, since 

d3{Co)^CoUHNs^d3Co^CoUG3^0 . (5.1) 

Henceforth, under this pont of view, an 03~-plane is not affected by the presence of 
instantonic seven-branes. This means that a seven-brane wrapped on MP^ (and non 
supporting fluxes G3 or/and Hns) is an anomaly-free system and it is not necessary 
to add magnetic sources to it. However, their presence do affect the complex coupling 
r. The monodromy in r depends, as we saw, on the number of D7 and (0, — l)-seven- 
branes we have in a row. The interpretation of this issues in the field content of 
D3-branes parallel to 03^ is that the four dimensional A/" = 4 SYM theory with gauge 
group S0{2N) is self-dual under the full symmetry group SL{2,Z). Notice, that the 
presence of the instantonic seven-branes is once again fixed by the fact that i?°(MP^; Z) 
is non-trivial. 

In a similar way, let us now study the SL{2, Z) self-duality for the gauge group 
U{N). In this case, we do not have an orientifold three-plane. This is an important 
difference since now the topology of the space transverse to N D3- branes is R^, and 
we require to study the homology groups of this space. However, as same as we did 
it for the orientifolds case, we must remove the origin of R^, i.e., the point where 
£)3-branes are placed. The resulting space is R^/{0} which can be compactified to 
§5. The non-trivial homology groups for are Ho{E,^;Z) = H^{E>^;Z) = Z. Hence, 
following the same construction we showed in section 2, we want to built up three- 
dimensional spaces by wrapping type IIB D-branes on non-trivial homology cycles. 
The only option is to wrap D3-branes on a zero-cycle (this is again an elaborated way 
to realize the presence of £)3- branes), but also we can wrap five- and seven-branes 
on to get lower-dimensional objects than the D3-branes. So, in particular we also 
have instantonic seven-branes (respect to the transverse space to D3) which could in 
principle, establish a monodromy for r. 

If such seven-branes arc present they will create or annihilate some other objects 
if there is a non-trivial map ^3 : i/^(§^;Z) HP'^^(E>^;'Z) (notice also that in this 
case there are not twisted forms) for some p. But as it was said, this is not the 
case. Then, although instantonic seven-branes can be present in the system, they are 
anomaly-free objects and no magnetic sources are required to be added. However, 
the presence of these instantonic branes do establish a monodromy in r giving us an 
SL{2,Z) transformation. 
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Summarizing, the topology of the space transverse to D3-branes, allows the presence 
of an instantonic seven-brane, but there are not objects which decays into vacuum or 
that are created from vacuum by their presence. This implies in the point of view 
of the field content from the three-branes, that the Af = 4 SYM theory with gauge 
group U{N) is invariant under SL{2, Z) transformations. In this case we conclude that 
SL{2, Z) duality is the physical interpretation of the fact that cohomology is indeed 
the final step in the approximation to a K-theory classification. 

A note to be added: In the present case, it is also possible to have instantonic five 
branes (Dirichlet or Neveu-Schwarz) supporting a non-trivial amount of fluxes (RR or 
NS-NS) which are not related to the presence of orientifolds (they are integer units). 
This case has been studied in detail in [201 1221 123 • 

6 Conclusion 

In this paper we have applied the Maldacena-Moore-Seiberg (MMS) physical inter- 
pretation of the Atiyah-Hirzebruch Spectral Sequence (AHSS) in a background with 
orientifold three-planes. We also extended the AHSS to include a classification of 
NS-NS fluxes. 

In general, cohomology tells us that there are four different types of orientifold 
three-planes: 03^, 03 , 03~ and 03 . In the case of a classification of RR fields, the 
AHSS shows that 03^ and 03 are equivalent in K-theory. This equivalence is given 
by the surjective map 

4 : H\RF^; Z) = Z ^ H\WP''; Z) = Za , 

where the two classes in (classifying 03"'' and 03 ) are exact and lifted to a trivial 
class in K-theory, as was pointed out in According to the picture given by MMS, 
the equivalence is explained as follows: a Z^S-brane wrapping MP^ (where the cycles are 
transverse to an 03'''-plane) ends on an instantonic ant i- seven-brane wrapping MP^. 
Since the cohomology version of an 03 is given by a D5-brane wrapped on MP^ 
transverse to 03"'", this picture tells us that an 03 is transformed into an 03"^" via 
the instantonic brane. 

The consequence on the field theory gathered from i53-branes on top of 03"'" is that 
the complex coupling r acquires a non-trivial monodromy, r — >■ r — 1, in the presence 
of the seven-brane. Hence the equivalence among orientifolds is translated into the 
T eSL{2,Z) duality of A/" = 4 SYM. 
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We also extended the map ds to classify NS-NS fluxes as well. This was done by 
using the fact that both fields G3 and Hjys are classified by H^(M.P^,Z). We found 
that 03 and 03 must be equivalent in a twisted K-theory classification (of which we 
do not say anything). The physical picture of this equivalence involves an instantonic 
(0, —1) seven-brane (iS-dual of a anti D7) wrapping MP^, transverse to an 03 , where 
a A^SS-brane wrapping MP^ ends. Since an 03 plus a A^SS-brane wrapping MP^ is 
the cohomology version of 03 , we conclude that an 03 transforms into an 03 in 
the presence of the instantonic seven-brane. 

Once again, the consequence on the field theory on DS-hianes on top of the orien- 
tifolds is non-trivial. This is due to the fact that first, the gauge groups associated to 
the above two orientifolds are different {S0{2N + 1) and USp{N)), and second, that r 
has also a non-trivial monodromy in the presence of an (0, —1) seven-brane. We found 
that the above equivalence is interpreted as the U G SL{2, Z) duality (r — r/(r + 1)) 
for A/" = 4 SYM theories. 

Hence, with these two equivalences we were able to generate the full SL{2, Z) 
symmetry in the field content, as a consequence of the non-triviality of the mapping 
d^. Summarizing, we conclude that: 

1. By extending the AHSS to include NS-NS fluxes as well as RR ones, there are 
two 'basic' equivalences among orientifold three-planes. One is given throughout 
a classification of RR fields, which gives us the equivalence between 03+ and 
03 , and the second is gathered from a classification of NS-NS fluxes, giving us 
the result that 03 and 03 are equivalent. 

2. Combining the above two equivalences, we get that the four 03-planes classified 
by cohomology are lifted to only two planes in K-theory. This means that three 
of them are equivalent to each other. However, since A/" = 4 SYM theories are 
gathered from D3-branes on top of these four planes, such equivalences must 
imply a relation between them. This relation is indeed the SL{2, Z)-duality of 
Af = 4 SYM. Also we are able to explain that in the case of the gauge groups 
U{N) or S0{2N), the SL{2,Z) duality of the field theory follows from the fact 
that 03~ and a D3-brane (in a background without orientifold planes), are both 
non equivalent to other different object. A similar result was found in reference 
pUj . where the author classified orientifolds (in particular orientifold-three planes) 
by gerbes. 

3. Our main conclusion (at least for the present case) is that SL{2, Z) duality of 
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jV = 4 SYM is a consequence of the topology of the space. When two different 
cohomology classes belonging to the same group are lifted to a trivial class in 
K-theory, two different objects are said to be equivalent in K-theory. This equiv- 
alence is interpreted in the field content (on D-hranes) as a duality among the 
two systems. Such a duality is performed throughout the presence of an instan- 
tonic brane. When this brane does not relate two different systems, we say that 
the correspondent field theory is self-dual under such a symmetry. 
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A The system Op-D{p + 6) 



In this section we give a briefly review on the required conditions to have an stable 
system performed by an 03-plane in coordinates 0123, and a Z)7-brane extending along 
coordinates 01345678. This system has six Dirichlet-Neumann directions. So, let us 
start by analyzing a system conformed by a Dp and a Dp' -brane. 
The cylinder amplitude A is given by 



A ^ Tr -{l + {-iy)e-'^''\ (A.l) 
where H is the Hamiltonian of the system. In terms of the following functions. 



2n\ 



= 2vv/^^nr=o(i+?'") 



(A.2) 



with q — e , we get that the amplitude is 



A- (^[/|-^(?)-/r'^(?)][2'^/V2(g)] 



NS-NS 



RR 
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Table 3: Sign of the amplitude between seven-branes and 03-planes. 
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03- 
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D7 


03+ 




+ 




D7 


03- 








D7 


03+ 


+ 


+ 


+ 



Table 4: Sign of the amplitude between seven-branes and 03-planes with N D3-branes. 







RR 


D7 


03- + ND3 




D7 


03+, 03^, 03' + N D3 




D7 


03- + ND3 


+ 


D7 


03+, 03^, 03~ + ^3 


+ 



where u = \p — p'\ and the subscripts refer to the contribution of NS-NS and RR fields 
to the force among these two D-branes, in the close string channel. It is possible to 
show (see j2ni) that for u = 6 the RR force is stronger than the NS-NS one and as a 
consequence, the system is repulsive at short and long distances. In order to get an 
stable system at any distance, the RR contribution to the amplitude must be weaker 
than the NS-NS one. This can be given by a system formed by a D7 and a D3-brane. 

In a similar way, a D7 and an 03-plane will be unstable (repulsive). All differ- 
ent possibilities are given in table El where a minus (plus) sign refers to a repulsive 
(attractive) force. However, if we add units of D3-branes on top of the orientifold 
three planes, all systems conformed by 03 and A^ D3-branes will have a positive RR 
charge (including an 03~-plane). Table |^ shows the sign of RR force between different 
objects. Then, we can see that in order to have stable systems (attractive), we must 
consider an anti-seven brane D7 instead of a positive RR charge one (-D7). This is the 
reason we work with an D7 as the instantonic brane present in our models. 
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B The AHSS 



In this section we give a briefly review about the AHSS. The AHSS is an algebraic 
algorithm that relates K-theory to integral cohomology (see |H] and references therein). 
The basic idea is to compute K{X) by using a sequence of successive approximations. 
First, a filtration on K{X) is introduced by defining Kp as the kernel of K{X) on 
K{X^), where X^ is the p-skeleton of X. The spectral sequence computes the graded 
complex GrK{X) given by 

GrK{X) = (BpEP = ®pKp{X) / Kp+^{X) , (B.l) 

where r stands for the order of the approximation. In each step of approximation, 
classes that are not closed under the map : —>■ E^'^^ are removed. On the other 
hand, classes that are closed survive the refinement while exact classes are mapped to 
the trivial class in the next step. The first non-trivial approximation is given by integer 
cohomology groups, 

E = (BpEf. = (BpH^iX, Z) , (B.2) 

where p is odd (even) for type IIB (HA) string theory. Hence, each step of approxima- 
tion is given by 

E^+i = ker dr/Im d^-' . (B.3) 

Roughly speaking, we can say that K-theory classes are given by the above quotient. 
In the case of string theory, the only non-trivial maps of higher order than one, are 
given by d^ and c?5, although the latter is trivial in most of the cases [U 1201 1221 123] ■ 
The mapping ^3 is given explicity by 

4 = Sq' + [Hns] , (B.4) 

where Sq^ is the Steenrod square and [H^s] is the cohomology class of the NS-NS field 
strength H^s = dB^s- Actually, the Steenrod square is also related to the third Stiefel- 
Whitney class (or the Bockstein map of the second Stiefel- Whitney class) denoted as 
lysCVV), with yy being a submanifold of X. When PF3(W) G Z2 is the zero class, we 
say that W is an spin'^ manifold. 

For real K-theory (or in general, for K-theory groups with freely acting involutions) 
the approximations are given by twisted or untwisted maps (see appendix in ^4^), i.e., 
the differential operator d^ maps twisted into untwisted classes and vice versa. In this 
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case ds = Sq^ + H^s, with [Hns] G Z2. It is found that Sq^ is trivial for both values 
of Z2 and is trivial in all cases, d^ maps (un)twisted into (un)twisted classes. 
The first approximation to the graded complex GrK~^{X)= ©^-En ^^^'^\ with 



EP'-(p+^){x) = k;%x)/k;_^,{x), (b.5) 

is given by 

^ = CP{X\^, Z) for g = mod 4 
Ef'^ = CP(X|,,Z)for g = 2mod4 (B.6) 
Ef'"^ = for g odd, 

where r is the freely acting involution on X. Then, the second order of this approxi- 
mation is given by the cohomology groups 



E^''^ = H'PiXlr, Z) for g = mod 4 

E^''^ = HP{X\r, Z) for g = 2 mod 4 (B.7) 
Ef'^ = for g odd. 

These results are valid for orthogonal and quaternionic K-theory groups. 
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